Time has been an illusive concept to grasp. Although we do not yet understand it properly, there has been advances made in regards as to how we could explain it. One of such advances is the Page-Wootters' mechanism. In the mechanism time is seen as an inaccessible coordinate and the apparently passage of time arises as a consequence of correlations between the subsystems of a global state. Here we propose a measure that captures the relational character of the mechanism, showing that it is the internal coherence the necessary ingredient to the emergence of time in the Page-Wootters' model. Also, we connect it to works done in quantum thermodynamics, showing that it is directly related to the extractable work from quantum coherence.
I. INTRODUCTION
Although everyone could agree that time passes when questioned about the nature of time, if it is only a parameter or an observable, mixed answers would be given. Some (or perhaps most) would state that time is nothing more than a parameter that appears in Schrödinger's equation and it is representative of a classical clock on the wall of a laboratory [1] . Others would want to elevate time to an observable and put it on an equal footing to other quantities as position and momentum in a similar way that was done in special relativity [2] . What it seems is that if time really is an observable it is an inaccessible one. One solution for the seemingly inaccessibility of time was given by Page and Wootters [3] . They argued that time could not be observed because there may exist a superselection rule (SSR) for the energy, in a similar way that there is a SSR for charge [4] . This statement leads to the question: If there is an SSR for the energy how do we agree that time passes? Page and Wootters (PaW) proposed that time emerges from correlations between the subsystems in a way that part or parts of the subsystem act as clocks for the rest, and in respect to which the time flows. Today this is recognized as the PaW mechanism. Although the mechanism has been forgotten for some time due to criticisms [5] , a few ways to overcome those has since been presented [6] [7] [8] which reignited the interest on it [9] [10] [11] .
The system utilized to demonstrate the possibility of the mechanism is composed of two non-interacting qubits, represented by spin half particles prepared on the state |+ = (|0 + |1 )/ √ 2. Given those states, they demonstrate that even when there is a covariance relative to time, the global state is a stationary state, the particles exhibit a certain type of time evolution that is seen through conditional probabilities. Those probabilities reflect the direction that the spin of each particle points given the other particle spin direction. Defining relative positions for the direction of the spins, so that if the particles spin is pointed to the right that could mark 12 o'clock and if the particles spin points to the left then it represents 6 o'clock. Then the spin of the second particle can be deduced and depending on the state with very good accordance, even recovering the Schrödinger's equation in regards to the clock * leandrorsm@gmail.com † dosp@usp.br time. Within this mechanism, time could be seen as what is read on the clock, delivering a different type of clock model, that we are going to reference as the PaW clock. Nevertheless, the study of quantum coherence is receiving a lot of attention lately by its widely applicability in quantum technologies, that use purely quantum mechanical properties, and interesting phenomena that can be explained by it. Mainly, the advances are being achieved using tools of quantum information theory, in the form of several frameworks for resource theories of coherence [12] . One of the initial proposals, brought by Baumgratz, Cramer and Plenio [13] , establishes a certain group of rules that any coherence measure has to obey to be considered as a proper monotone for coherence. Defining a map characterized by a set of Kraus operators
with the condition that if an incoherent state, τ ∈ I that act upon by those operators remain incoherent for all n (i.e. K n IK † n = I). It is important to note that all incoherent states are defined to be diagonal in respect to a given basis {|i }.
One monotone for such a framework is the relative entropy of coherence min τ ∈I S(ρ||τ ) that admits a closed form
where ∆(·) is going to be referred as a fully dephasing operation, represented by
where d is the dimension of the Hilbert space H and S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy.
Recently it was shown that coherence is a necessary ingredient to describe certain thermodynamic processes when considering the set of thermal operations [14] , also being relevant when connected to the study of quantum speed limits [15, 16] . Both connections required the same notion of coherence, where coherence is seen as a special case of asymmetry in the system relative to time translations. For the first case it is considered two systems representing a state and a bath, with Hamiltonians H A and H B respectively, that are put in thermal contact with one another. The set of thermal operations is defined as given by the operations that take the system to an stateσ by means of a Stinespring dilation with the condition that any effect that causes an interaction must commute with the total Hamiltonian H A + H B . This set was shown to be a strict subset of the time translation invariant operations. For the second case the connection is faster to make, the measure of interest is the time that is going to take for a state ρ t=0 to evolve to a distinct state e −iHt (ρ t=0 )e iHt . It is straightforward to see that any state that is incoherent in the energy basis, that in this case takes a block diagonal form, is also going to be invariant under time translation, a condition required for any symmetric state. If a state is symmetric under time translations the speed of evolution of this states is zero, it never evolves. Therefore any quantifier of the asymmetry of a state in regards to time translations is a quantifier of the coherence and of the speed of evolution.
In this work we show a connection of coherence and the PaW clock. This connection is established by considering how distinguishable block diagonal states are from incoherent states. In doing so, we observe a division of coherence, that can be explained in the same spirit of Ref. [17] , as a split of the total coherence of a state in terms of internal and external coherence. With that we provide a measure for the internal coherence present in a state and for the external coherence, showing that the internal coherence is responsible for the PaW clock functioning, and connecting it also with the work that can be extracted from coherence. We observe a difference of the internal and external coherence, and show that the external coherence is associated with asymmetry measures and their spawn while internal coherence is not.
II. PAW REVISITED
In the PaW model a world with an energy SSR is considered, which then implies on an inaccessible time coordinate [18] . The inaccessible time coordinate imposes a restriction on the knowledge that we have about the states under study, in a way that our lack of knowledge of the external coordinate will reflect on a lack of knowledge of any state in relation to it. This is represented in the model by the action of a DephasingCovariant operation [19] (with = 1)
This operation, that here is going to be called a dephasing operation, is going to average out the action of the elements of the group of translations generated by the Hamiltonian H z , that will result in a mixed state in our reference frame, which will be referred as covariance under time. The Hamiltonian for the PaW clock is the two spin non interacting Zeeman Hamitonian
where the σ i z is the Pauli-z matrix for the ith qubit, and h is a constant representing the magnetic field. In terms of the density matrix, the action of the dephasing operation is to take a state ρ to a state D(ρ) that is block-diagonal in the energy basis. It is in regards to this final state that the conditional probabilities are taken.
We consider a two-qubit Bell-diagonal states as initial states for the model. These states that have maximally mixed reduced density operators and can be represented as
where the parameter c i with −1 ≤ c i = Tr(ρσ i ⊗ σ i ) ≤ 1 form a triplet that determine whose states are physically acceptable. Their eigenvalues can be obtained using
and in the computational basis {|00 , |01 , |10 , |11 } they take an X form
Therefore the action of the dephasing operation results in
Since we are writing the Bell-diagonal states in the basis of the Hamiltonian, the computational basis, we are going to adopt the "right", or the 12 o'clock, in the coordinate system to be given by the state |+ and the "left", or the 6 o'clock, to be the state |− . As one of the qubits is going to act as the clock, we are going to label the other qubit as the system. Defining the probability of agreement as given by the conditional probability that both qubits are pointing in the same direction, either clock right and system right or clock left and system left to be Prob(R|R) = Tr(D(ρ)E RR ) and Prob(L|L) = Tr(D(ρ)E LL ), respectively. E RR and E LL are the optimal projectors belonging to the set η,µ E ηµ given that each η and µ represents a right or left. In the same manner the probabilities for opposite directions will be denoted by Prob(R|L) and Prob(L|R). Then the probability of agreement for the two qubit Bell-diagonal state is
which is equal to the probability Prob(L|L). Thus we can study the impact on the probability of agreement of the two qubits for several states just controlling the parameters {c 1 , c 2 , c 3 }. A few interesting set of parameters are those where: (i) c 1 + c 2 = 1 with c 3 = 0, (ii) c 1 = −c 2 and c 1 = c 2 = 0, both for any c 3 , and (iii) c 1 = c 2 = 1 that possess only one possible c 3 = −1. The first set is composed of all dephased states that have the same form as the ones studied in Ref. [20] . They act as a control for the results. Therefore, we should be able to find the same probabilities, and indeed the probability of agreement, Prob(R|R) = 0.375, is the same found in Ref. [20] . The second set has conditional probabilities Prob(R|R) = Prob(L|L) = Prob(R|L) = Prob(L|R) = 0.25, which tells that there is an equal chance to find each qubit pointing in any of the four directions. It follows that there is no correlation between the clock and the system, or in other words, there is no sense of time given by the conditional probabilities. This is so because the flow of time in the model is represented as to a clock time. If the clock does not correlate with the position of the system there can be no established causal connection, and we cannot say that the clock is measuring time. On the opposite direction the last set, that in fact is composed of only one element, given by one of the vertices of the tetrahedron formed by the Bell-diagonal states [22] , gives a probability of agreement Prob(R|R) = 0.5, which is perfect agreement. The qubits are always going to be pointing in the same direction.
It is very interesting to note the different outcomes in relation to the conditional probabilities for the parameters {1, 1, −1} and {1, −1, 1}. Respectively, those parameters correspond to two bell states the |ψ
Two pure maximally entangled states, that results in two drastically different results. One gives the best possible probability and the worst possible probability, respectively. This indicates that entanglement between the subsystems in the initial state, before the dephasing operation, is not responsible for the working of the PaW clock. Which does not indicate that entanglement of the dephased state is not required for the mechanism. In the next section we will see that in fact neither entanglement before nor after the dephasing operation can be connected to the emergence of time in the PaW model.
III. INTERNAL COHERENCE
We can now present the main result of this work. The monotone presented in Eq. (2) measures how distinguishable a general state ρ is from an incoherent state τ . But the model described in the previous section clearly specify states which are symmetric in relation to the group of translation generated by the Hamiltonian of the system, or in other words, block diagonal states. That would imply that inside the PaW universe, those are the only available states. If we start from the space containing all the density operators, what happens if we choose only the states that have a block diagonal form? The result is a measure of the distinguishability from the block diagonal state that is now representing our system and the closest incoherent state τ ∈ I
where the dephasing operation is used to guarantee that the state is indeed block diagonal.
It can be shown 1 that the relative entropy of coherence, when performing the minimization from the block diagonal states to the incoherent states, is equivalent to the Eq. (2) when we consider as initial state the dephased density matrix
This fact gives a very intuitive reasoning for the physical interpretation of such measures in terms of the coherences that a state can manifest. This result can be encapsulated in the following proposition:
The relative entropy of coherence defined in regards to the set of incoherent states can be broken down in terms of two types of coherences, the internal coherence and the external coherence as
Therefore the relative entropy of coherence is a measure of total coherence, while A G (ρ) is a measure of the external coherence and C r (D(ρ)) is a measure of the internal coherence of a state.
A demonstration of Proposition 1 can be found on the Appendix B. The quantity A G (ρ) is a recognized measure of asymmetry which was first introduced in Ref. [21] . When introduced, this measure was brought up in a very similar context to the PaW mechanism used as a way to quantify the quality of a reference frame. As we saw, when asymmetry relative to time translation is invoked, it can be seen as coherence in the eigenbasis, therefore it is also a measure of coherence [19] . Since external coherence is always defined in regards to an external frame of reference, necessarily, any measure capable of discerning the effects of said reference frame is going to be a measure for the external coherence. It follows then that the necessary coherence in any task where invariance over time translations is a factor (e.g., quantification of reference frames, quantum speed limits and quantum metrology) is the external coherence.
We notice a separation in regards to the frameworks used to establish those measures. While A G (ρ) is a measure for unspeakable coherence, C r (D(ρ)) belongs to a class of incoherent preserving operations and cannot detect invariance over the dephasing operation. After all it is equivalent to how distinguishable a block diagonal state D(ρ) is from the closest incoherent state τ . Therefore, it is only a measure for speakable coherence. This reinforces the conclusion that this measure should be seen as a measure for relative phases between subsystems, a measure for internal coherence. Given both definitions, it is straightforward to justify C r (ρ) as a quantifier for the total coherence.
In terms of the PaW mechanism, the division of the total coherence in internal and external tells us what is the quantity responsible for the PaW clock to work. When applying the dephasing operation its action averages over the possible phases of the unknown time reference frame. Hence, this operation is going to eliminate any external coherence, if any, that the global state of the system has. The same cannot be said to the internal coherence, since it is defined between the subsystems as a relational degree of freedom, it is not erased even if we do not have access to a reference frame, therefore: Proposition 2. The internal coherence, the relative entropy of coherence with minimization from the set of block diagonal states B to the set of incoherent states I, is responsible for the proper working of the PaW clock. And it is given by
with C r (D(ρ)) being the relative entropy of coherence applied to the dephasing operation D(ρ), and ∆(ρ) as the closest incoherent state to D(ρ).
When evaluating this proposition is important to understand the hypothesis taken in regards to the PaW clock. This mechanism is dependent on the conditional probabilities, as stated before. Thus we expect that those probabilities are going to give an indication of the performance of the clock in the model, especially in regards of its functioning. Even if the conditional probabilities do not tell the whole story or the way by which we perform the measurements is not clarified, they are related to the principle by which the PaW clock works. Based on this principle it seems reasonable to say that for any state that renders a probability of agreement Prob(R|R) = 0.25, regardless of the subtleties of the process, when acquiring the information about clock time, the PaW clock will not work. In the same manner if a state renders a probability of agreement Prob(R|R) = 0.5 we expect the clock to work near perfection. From this, it follows that any measure that is going to be necessary for the model to work (but not necessarily sufficient) must be zero when the clock does not work and maximum for the best clock.
Granted this we can see that the internal coherence, as given by C r (D(ρ)), is necessary for the mechanism through direct calculation. For the Bell-diagonal states this measure admits an analytic form in terms of the triplet {c 1 , c 2 , c 3 }
When evaluated for the set with c 1 = −c 2 and the set c 1 = c 2 = 0, that corresponds to the sets with worst probabilities, this measure is always zero. For the case of perfect agreement, referent to a single state |ψ + , this measures is equal to one. It turns out that this is not only the expected result, given our hypotheses, for the necessary measure for the PaW clock as this measure seems to be a very good indicator for the states which will improve the performance of PaW clock. Proposition 3. For every family of parameters c 3 , that is held constant, the internal coherence C r (D(ρ)) is greater for greater probability of agreement.
By family we mean every group of states that are associated by a given c 3 , so that there is a family for the parameter c 3 = −1, c 3 = −0.8 and so on. The only condition is that those parameters are within the range that returns a physically acceptable density matrix for both the initial state ρ and the dephased state D(ρ), with the latter being composed by a different set of values. Fixing the parameter c 3 in a given number among the allowed, an order where all states with more internal coherence yielding best clock results, in the form of better conditional probabilities, appears. It is worth noting that there is one family of states, for which c 3 = 0, were the agreement between probabilities and values for the internal coherence is in perfect accord to the best and worst results.
We have seen that in regards to the initial states having entanglement between the subsystems did not impact the performance of the PaW clock, but does this remain valid if there is entanglement on the dephased state? After all it is also shown that the best result is obtained for the maximally entangled bell state |ψ + which is also invariant under the dephasing operation, therefore we have a maximally entangled state as the dephased state. But the answer to this question is no. It can be seen by examining any state in the family that has c 3 = 0. We notice that there is no entanglement between the subsystems of the dephased state and yet this family returns a nonzero probability of agreement, the PaW clock works without entanglement. Even in the original work, when dealing with density operators, and not wave functions, it is possible to see that the dephased state, that belongs to the same family that have c 3 = 0, is not entangled. This is shown to be the case in Appendix C. One could still claim that entanglement is necessary for the case of pure states. Although it may be true, it is hard to justify this reasoning given that the pure states that yield maximum probabilities of agreement are states with maximum internal coherence. It does not seem that one can take the internal coherence out of the picture and still be left with a working PaW clock. Based on those results it really appear that entanglement is not a sufficient nor necessary condition for the PaW clock to work.
IV. INTERNAL COHERENCE AND WORK
Proposition 1 shows that the relative entropy of coherence does not always represent the same phenomena. The physical interpretation of such measure takes into account how distinguishable the initial state of the system is in regards to the final desired state. Therefore for an arbitrary state ρ this "distance" to the set of incoherent states reflects on how close this arbitrary state is from being incoherent, which is interpreted here as a measure of total coherence. It is without a doubt that the set of incoherent states is farther than the set of block diagonal states when taking a general state ρ, which is neither incoherent nor block diagonal. This is contained in Proposition 1 as
following from the positivity of the relative entropy of coherence. Hence the relative entropy of coherence, representing the total coherence is going to be an upper bound for the Holevo asymmetry, being also an upper bound for C r (D(ρ)), something expected for a measure of total coherence. This explains why the Holevo asymmetry is equivalent to the relative entropy, when a minimization is taken over all states that are invariant over a group action. Although any incoherent state is also going to be invariant over a group generated by the Hamiltonian of the system, the set of block diagonal states, is always closer to an arbitrary state ρ. This implies that the total coherence C r (ρ) given by how distinguishable a general state is from a group invariant state, is a completely different measure than A G .
As an example, we can see that the results obtained in Ref. [25] 
and in Ref.
[14]
where the free energy is F (ρ) = Tr(Hρ) − kT S(ρ), with H being the Hamiltonian that describes the system and T the temperature of the heat bath, are fundamentally different. While the definition given in Ref. [25] is equivalent to the work contained in the external coherence of state, that is evaluated as a difference of work with and without a frame of reference, the definition given in Ref. [14] using an operation that completely eliminates all coherence in a state that is equivalent to the fully dephasing operation ∆(ρ), is connected to the total coherence of the state which coincides with Eq. (15) in cases where there is only external coherence in the state.
To examine the relation between the proposed measure for internal coherence and extractable work from coherence let us consider the protocol proposed in Refs. [23, 24] . It is given there a general protocol that could extract work from n copies of an initial stateρ given access to a heat bath composed of an unlimited amount of qubits on the thermal state
where H B is the bath Hamiltonian and Z is the partition function Z = Tr e −βHB . The process consists in applying a dephasing operation on all the n copies of the stateρ yielding n states D(ρ) which were them converted, individually, into thermal states τ B . The work produced in this process, that is shown to be equal to the difference of free energies from the initial statesρ and the thermal states in the limit that n → ∞, could them be stored in a system with a weight that acted like a battery. Then in the single shot version, using a single copy of the state, the work that could be extracted is given by
From this definition it follows that the total work that is extractable from the single shot regime of a state ρ in transforming it to a fully dephased state is given by
which can be easily demonstrated to be directly correlated to the internal coherence of the state
This result agrees with the interpretation given in Ref. [17] where they define the work extractable from coherence W coh which can be seen as a lower bound of the internal coherence C r (D(ρ)).
V. WORK LOCKING AND INTERNAL COHERENCE
It is very interesting to see the impact that internal coherence has on other frameworks where SSR are at play. One example is the set of thermal operations. As a strict subset of the time covariant operations the set of thermal operations only include those unitaries for which the conservation of energy is guaranteed, hence enforcing an energy SSR. In this set, allowed transformations, that take one state to another exhibit a phenomena called work locking [26] .
The setting is very similar to what was described above for the protocol that extracts a certain amount of work from a state. For a given initial stateρ and a bath ρ B we wish to perform the transformation
With the difference being that the aforementioned protocol demands that energy is conserved on average, hence a less strict set of operations where conservation of energy is not demanded at all times. The phenomena appear when considering the work that can be extracted from the dephased version, D(ρ). When this is the case the transformation is given by
which says that the work that is extractable fromρ is the same as the extractable from D(ρ), implicating that the work from coherence is locked [26] . To "unlock" this work it can be used an ancillary coherent state. So given two states with coherence ρ 1 and ρ 2 for which
their dephased versions are going to output an incoherent D(ρ 1 ) = D(ρ 2 ) = τ 1 and the work that can be extracted from τ 1 is zero. Now if using as initial state the product state ρ 1 ⊗ ρ 2 , considering one of the states as a coherent ancilla, the dephased state of the product is
for which clearly D(ρ 1 ⊗ ρ 2 ) = τ 1 ⊗ τ 1 . Making this state one that can be used to extract nonzero work from coherence. The role of internal coherence must be clear at this point, and also allows a different physical interpretation in regards to the role of the ancillary state used as a "reference" to unlock the work from ρ 1 . When dealing with individual systems it is hard to give a good definition of coherence, even in our framework for individual states C r (ρ) = C r (D(ρ)) = A G (ρ). So in a sense there is only coherence in the state, not being able to split it into internal and external, given a measure for it. But the state representing a system will always carry extrinsic properties related to how it was produced. Hence any coherence present in this individual state could be assigned the role of external coherence, which cannot be done to the internal coherence as it is a relational property. Therefore, when working with thermal operations the information of this external coherence is lost, resulting in an incoherent state. To enable work extraction from coherence the ancilla is used, not as a reference for the initial state but as a way of generating a relative phase between subsystems. This phase can be viewed as a remnant of the extrinsic information carried by state and ancilla about the reference frame in which they were prepared, which allows a relational phase to be established, therefore generating internal coherence. That is why the work can be unlocked with as few as a two states, it is the minimum necessary to generate internal coherence.
VI. CONCLUSION
In this work we studied the PaW clock model with the two qubit Bell-diagonal states. Considering the conditional probabilities as indicative of the performance and working of the PaW clock, we presented evidence that suggests that entanglement before or after the act of dephasing operation does not seem to contribute to a working PaW mechanism.
In separating the relative entropy of coherence in different "distances" we showed that this measure is a quantifier of the total coherence of a state and can be split in two types of coherence, internal and external. Those coherences arise from the distinguishability of block diagonal, incoherent and general states, which are neither. While the external coherence is directly connected to a framework for unspeakable information, and therefore connected with several tasks where there can be employed the use of asymmetry theory, the internal coherence seems to be only relative to speakable information, thus not useful for such tasks. Nevertheless, internal coherence seems to be a very important quantity. Considering the PaW mechanism it was demonstrated that internal coherence is a necessary ingredient to create correlation between clock and system. This was show by investigating the parameters of the triplet of correlation {c 1 , c 2 , c 3 }. It was then seen that the lack of internal coherence in the system is always associated with the worst possible conditional probabilities of agreement between the clock and the system, and a maximum value of internal coherence is associated with the best possible probabilities of agreement. It was noted that the internal coherence can also be used as a indicator for which states are going to give the best probabilities of agreement, given that a family of states related by the parameter c 3 is fixed. Where greater internal coherence correlates with greater probability of agreement.
The internal coherence proved important also when dealing with quantum thermodynamics. In this case when the allowed operations and resources are carefully accounted for, in a way that no coherence can be sneaked in and that conservation of energy is always guaranteed. Basically the same condition where an energy SSR takes place. The work that can be extracted in a single shot regime is directly connected to the internal coherence between the states. This observation is useful when examining the phenomena of work locking, because it allows another interpretation for the use of additional copies to unlock the work of coherence. Instead of seeing the additional copies acting as frames of reference that provide an orientation which alleviates the constraints imposed by the SSR, adding copies to the initial state is interpreted here as a mean to create internal coherence between the subsystems, which in turn can be used to extract work.
Given both applications it appears that when dealing with the lack of external reference frames, the internal coherence as described in Proposition 2, between the subsystems is an important quantity to be considered. 
The proof follow the same steps of known proofs connecting the Holevo asymmetry and the relative entropy of coherence when a minimization over Group invariant states is performed [27, 28] . Then, from the relative entropy of coherence we have 
where in the second line we used the invariance under dephasing of τ , and in the third line it was used the non negativity of the relative entropy S(δ 1 ||δ 2 ) ≥ 0.
Appendix B: Demonstration of Proposition 1
Recalling the definition for the closed form of the relative entropy of coherence
we can apply it to a dephased state D(ρ). This will yield 
where in the second line it was used the invariance under dephasing of ∆(ρ), and that the Holevo asymmetry is given by
Rearranging the result of Eq. (B2) we get Proposition 1.
